By computer simulation the anisotropic long-time translational self-diffusion coefficients are calculated in the nematic phase of colloidal hard spherocylinders exhibiting Brownian dynamics in a solvent. In particular, the two diffusion coefficients D L ʈ and D L Ќ , parallel and perpendicular to the nematic director, are obtained for aspect ratios between 4.8 and 16 and for arbitrary densities. Long-time diffusion along the nematic director is nonmonotonic in density: Upon increasing the density, it first increases due to stronger alignment and then decreases due to packing constraints. 
I. INTRODUCTION
Since the pioneering work of Onsager ͓1͔, it has been known that a system of hard spherocylinders undergoes a first-order transition from an isotropic phase to a nematic phase provided the aspect ratio is sufficiently high. While both the translational and orientational degrees of freedom of the rods are completely disordered in the isotropic ͑or fluid͒ phase, there is a macroscopic director along which the rod orientations are ordered in the nematic phase but the centerof-mass positions of the rods are still disordered. Most of the recent theoretical and computer simulation work ͓2͔ has focused on structural correlations ͓3͔ and on the location of the isotropic-nematic transition for hard rods ͓4-10͔ as well as for charged and flexible particles ͓11-16͔. On the other hand, detailed experimental data are available tracing the phase boundaries for different rodlike colloidal samples ͓17-19͔.
While there is an increasing understanding of the static and thermodynamic properties of rodlike particles, it is fair to say that dynamical correlations are far less studied. For colloidal samples, the dynamics are Brownian rather than Newtonian as for molecular liquid crystals ͓20-22͔. A tremendous difficulty in the theoretical description of the Brownian case concerns the long-ranged hydrodynamic interactions mediated by the solvent flow. These interactions can, however, be neglected for low volume fractions of the colloidal particles. Correspondingly, in most of the recent Brownian dynamics simulations, the long-time self-diffusion coefficients for strongly interacting particles were calculated neglecting hydrodynamic interactions. Results were obtained both for spherical particles ͑see, e.g., Refs. ͓23-30͔͒, as well as for anisotropic particles modeled by hard rods ͓31͔ and by two-͓32,33͔ and many-͓34-36͔ site-models. On the other hand, experiments using fluorescence recovery after photobleaching ͑FRAP͒ for boehmite rods ͓37,38͔ and Pyridin ͓39͔ were performed, and good overall agreement was obtained between the experimental data of van Bruggen, Lekkerkerker, and Dhont ͓37͔ with the results of Brownian dynamics computer simulation for hard spherocylinders ͓31͔.
With the exception of Ref. ͓36͔, all these previous studies were performed in the isotropic phase. In the present work we extend these investigations exploring the dynamical correlations systematically over a broad stability range of the nematic phase and we also include results for the smectic-A phase. As in Ref. ͓31͔, we use a hard spherocylinder model with excluded volume interactions. The reason for doing so is twofold: First, this model is governed by two parameters only, namely, the aspect ratio and the rod number density. Second, the stability range of the nematic phase is known precisely by recent computer simulations of Bolhuis and Frenkel ͓9͔. Clearly, in the nematic phase, the long-time mean-square displacement becomes anisotropic, i.e., it can be split into parts parallel and perpendicular to the nematic director. Consequently there are two long-time self-diffusion coefficients D L ʈ and D L Ќ . In the present study we calculate them both over a large stability range of the nematic phase, including cylinder aspect ratios ranging between 4.8 and 16. We find a nonmonotonic behavior of D L ʈ for increasing density, and show that the ratio D L ʈ /D L Ќ and the orientation flip rate essentially depend on the nematic order parameter alone. This ratio D L ʈ /D L Ќ is found to increase with density in the nematic phase, and to decrease with density in the smectic-A phase.
Our study is also motivated by recent pioneering FRAP experiments of van Bruggen et al. ͓40͔ , where the dynamics perpendicular and parallel to the nematic director were resolved and distinguished in the nematic phase of boehmite rods. It was found that the diffusion coefficients are mainly dominated by the density, and are comparable to that extrapolated from the isotropic phase. It was further found that the ratio of the two long-time diffusion coefficients D L ʈ and D L Ќ , parallel and perpendicular to the nematic director, is at about 2-3 at the nematic density coexisting with the isotropic phase. In our Brownian dynamics simulations we confirm these findings.
The paper is organized as follows: In Secs. II and III, we discuss the model and the Brownian dynamics algorithm. Results for the different diffusion coefficients are given and 
with
where k B is Boltzmann's constant and s the shear viscosity of the solvent. Our basic time scale is
Since we neglected hydrodynamic interactions, our model does not describe the correct dynamics of hard spherocylinders at high packing fractions. Nevertheless the model can still be used if a soft interaction between the rods is present ͑as e.g., for charged rods͒ which can be mapped onto effective hard spherocylinders ͓45,15,6͔. In this case, one has to distinguish between the effective packing fraction resulting from the interactions and the physical packing fraction of the rods. Typically, the physical packing fraction is much smaller than the effective packing fraction. Since the hydrodynamic interactions are governed by the physical packing fraction, one can still safely neglect them. However, there is still an inconsistency of the model since we assumed in the Eqs. ͑2͒-͑4͒ that the effective aspect ratio stemming from the effective interactions and the physical aspect ratio are the same. This inconsistency is not severe, since the p dependence in Eqs. ͑2͒-͑4͒ is weak. In fact, our model was successfully used to describe self-diffusion data for silica coated boehmite rods in the isotropic phase ͓37͔.
III. BROWNIAN DYNAMICS SIMULATIONS
We use a sequential Brownian dynamics scheme. A sufficiently small time step ⌬t is used, and a nonoverlapping starting configuration is given. In one elementary trial step of the simulation, one rod which is labeled by i in the following is chosen randomly and a translational and rotational trial move is made. First, the center-of-mass coordinate R ជ i of the ith rod is moved. It can be composed into a part parallel 
where now x 1 and x 2 are Gaussian random numbers with zero mean and variance 2D r ⌬t. The new orientation vector is scaled appropriately to have unit length. Again, if this move leads to no rod overlap, it is accepted, otherwise it is rejected. After N e elementary trial steps the corresponding physical time is tϭN e ⌬t/N. This sequential algorithm corresponds to real Brownian dynamics only if ⌬t is sufficiently small. Then one is able to generate ''toothed'' trajectories ͕R ជ i (t),⍀ ជ i (t)͖ of the rods. The smallness of ⌬t is the real bottleneck of the simulation; typically we use ⌬t/ ϭO(10 Ϫ4 ). Therefore a huge number of elementary trial steps ͑typically 10 8 ) are required in order to obtain correct statistical averages for long-time properties. The same methods as given in Ref. ͓31͔ were used to check that the results were insensitive to a further reduction of the time step. The aspect ratio p was varied between 4.8 and 16. With two exceptions where the smectic-A phase was explored, the packing fraction was always in the stability range of the nematic phase. All parameters of the runs are summarized in Table I .
A rectangular simulation box with a square base and periodic boundary conditions is used. The box length in the x and y directions is L 0 , while it is L 0 in the z direction, with Ͼ1 measuring the anisotropy of the cell. Consequently,
1/3 . For the actual numbers, see Table I . The starting configuration was completely aligned along the z direction, and was put on a body-centered-tetragonal lattice as far as the rod positions are concerned. The director ⍀ ជ 0 of the nematic phase was always very close to the z direction. Therefore, the anisotropic box minimizes finite-size effects in the nematic phase ͓9͔. During the simulation the centerof-mass coordinate of the whole system was fixed in order to avoid spurious diffusion of the whole system.
In order to check equilibration and to identify the different liquid-crystalline phases correctly, we have monitored nematic and smectic order parameters. The nematic order parameter S and the direction of the nematic director ⍀ ជ 0 were obtained as the largest eigenvalue and the corresponding unit eigenvector of the second-rank tensor
Here denotes the dyadic product, 1 is the unit second-rank tensor, and ͗¯͘ is a canonical average. Note that ⍀ ជ 0 is only defined up to a sign. A set of smectic order parameters ͕ n ͖, on the other hand, can be defined as
measuring smectic ordering along the z axis. Here Z i denotes the z coordinate of the center of mass of the ith rod. A nematic phase can clearly be detected if S 0 and n ϭ0 for any integer n. On the other hand, in a smectic-A phase, S 0 and n 0, and there is no long-range ordering in the xy plane.
IV. TRANSLATIONAL LONG-TIME SELF-DIFFUSION

A. Definition of the quantities
The long-time self-diffusion splits into two parts; one of them, D L ʈ , is parallel to the nematic director ⍀ ជ 0 , while the
where
is the mean square displacement of the center-of-mass coordinate parallel to the nematic director. Similarly, let us define
By splitting the different terms in the square of Eqs. ͑11͒ and ͑14͒, it is possible to calculate both ⍀ ជ 0 and W ʈ (t) ͓W Ќ (t)͔ during the run.
Alternatively one can define
The latter formula has the advantage of quicker convergence as t→ϱ, although the statistical error is larger since it is a differential quantity. By comparing both expressions during the simulation, we checked whether the infinite-time limit has been reached, and extracted an error in the data. In every case, both, D Ќ (t) and D ʈ (t) were monotonically decreasing in time, which seems to be an expected formal property of Brownian rod systems ͑as in the case of Brownian spheres͒. In general, it was observed that the convergence of D Ќ (t) to its infinite-time limit D L Ќ is faster than that of D ʈ (t Results for the long-time self-diffusion coefficients are summarized in Table II . For pϭ6, 10, and 16, we have also graphically displayed these results in Fig. 1-3 . Defining an ''isotropized'' value of the long-time self-diffusion by 
͑1͒ For fixed p, D L
Ќ decreases for increasing with an almost linear dependence. This is similar to the isotropic case, where D L t also decreases with increasing packing fraction. In the fully aligned case (Sϵ1), D L Ќ /D Ќ is expected to be close to the scaled long-time self-diffusion coefficient of two-dimensional Brownian disks which is well-described by 1Ϫ 4 3 for 0рՇ0.7 ͓26͔. The actual data are much smaller than in the disc case, proving that there is a significant enhanced entanglement of nonparallel vicinal rods.
͑2͒ The most striking fact of our data is that D L ʈ behaves nonmonotonically with . The diffusion along the nematic director first strongly increases, reaches a plateau, and then decreases again; see Figs. 2 and 3. There are two inverse effects competing in determining the diffusion along the director: First, the stronger alignment, as manifested by an increasing nematic order parameter S, favors lengthwise diffusion since there are less vicinal rods to cross in moving along the director. Second, with increasing there is less free space available, which hinders diffusion in general. It is a subtle interplay between these two effects which results in the nonmonotonic behavior. Close to the isotropic-nematic transition, S rapidly changes with density. Hence diffusion along the director is accelerated with increasing density. For 
and the logarithm of the reduced orientation flip rate ⌫ per particle. The number in brackets gives an estimate for the error of the last digit.
The two runs with pϭ10 and ϭ0.46 and 0.50 are in the smectic-A phase. higher densities, however, the alignment has practically saturated, and the packing constraints slow down any diffusion. 
.33 in the isotropic phase, which is not much different from our data in the nematic phase. A similar trend was seen in the experiment of van Bruggen et al. ͓40͔ . The diffusion in the nematic phase, coexisting with the isotropic phase, was comparable to the diffusion extrapolated from the isotropic phase. However, in the experiment, a large density jump was observed across the isotropic-nematic transition which is different from that in our spherocylinder model, and is probably due to the more complicated effective interaction between the rods. This in turn leads to a large variation of the diffusion across the isotropic-nematic transition which does not occur in our model.
Let us now discuss a simple theoretical estimate for the
We assume that there is only motion in the direction parallel to the rod orientations. In the nematic phase, these orientations are distributed according to an orientational distribution function g(cos ), where is the angle between the rod orientation and the nematic director. The function g(cos ) is taken to be normalized with respect to integration over the unit sphere, such that
where the average ͗¯͘ g is over the unit sphere involving the orientational distribution function. The associated nematic order parameter S can be expressed as an average of the second Legendre polynomial P 2 (cos )ϭ(3 cos 2 Ϫ1)/2 as
Now a typical mean-square displacement parallel to the nematic director is
where l 0 is a suitable length scale. Similarly,
Two remarks are in order: First, the right-hand-side of Eq. 
D. Orientation flips
Finally we have calculated the rate ⌫ of orientation flips per particle in the nematic phase for relatively small densities. We define this quantity as follows: Suppose, at time zero, the actual rod orientation ⍀ ជ i (0) is in a cone of angle 0 ϵ/2 around the director ⍀ ជ 0 , i.e., ⍀ ជ i (0)•⍀ ជ 0 Ͼcos 0 /2 ϭ1/&. Then, with a certain flip rate ⌫, this orientation will be in the opposite cone after a mean time of 1/⌫, i.e., we average over any flip and thus extract the flip rate ⌫ per particle. Results for ⌫ are included in Table II . A plot of ln ⌫ versus S is shown in Fig. 5 . Again the data reasonably fall on a single curve. However, we remark that the actual statistical error in the data for ⌫ is large ͑and could not safely be estimated͒, since only few events were sampled during the simulation and the boxlength in the x,y direction was not large. Also, ⌫ depends sensitively on the magnitude of the time step ⌬t. For large S, the corresponding rate was small such that no flip process at all was observed during the simulation.
E. Long-time diffusion in the smectic-A phase
For pϭ10, we have performed two runs in the smectic-A phase occurring for packing fractions 0.44ϽϽ0.59 ͓9͔. In particular, we have chosen ϭ0.46 and ϭ0.50, see again Tables I and II and Fig. 2 . While the diffusion perpendicular to the director is practically not affected by the additional smectic layering, the diffusion parallel to the director slows down dramatically due to the one-dimensional ordering. Since the nematic-smectic-A transition is weakly first order ͑i.e., the density jump across the transition is small͒, this slowing down is manifested only gradually across the transition. Deep in the smectic-A phase, however, the parallel diffusion becomes even smaller than the perpendicular diffusion, which is completely opposite to the behavior in the nematic phase. This is expected, as there is still fluidlike order perpendicular to the director which results in a significant mobility, while the increasing smectic order hinders parallel motions massively. Hence the ratio
with increasing density, while it increases with increasing density in the nematic phase. In Fig. 4 the data for the smectic-A phase are also included, showing that they do not fall on the same universal curve as for the data in the nematic phase.
A final interesting dynamical difference between the nematic and smectic-A phases is the time dependence of the ratio
In the nematic phase, we always found that 
V. CONCLUSIONS
Using Brownian dynamics simulations of colloidal hard spherocylinders, we have calculated the anisotropic translational long-time self-diffusion coefficients in the nematic phase. The diffusion along the director was nonmonotonic with density. The ratio D L ʈ /D L Ќ was about 2-4 near the isotropic-nematic transition, and is increasing for increasing density. Both D L ʈ /D L Ќ and the orientation flip rate depend mainly on the nematic order parameter S. In the smectic-A phase, the picture was different: Here, the diffusion along the director drops down rapidly, even below the perpendicular diffusion, such that D L ʈ /D L Ќ decreases for increasing density. We end with several comments related to future problems and experiments.
͑i͒ First, a low-density expansion for the long-time selfdiffusion coefficients was recently successfully accomplished by Dhont, van Bruggen, and Briefs ͓46͔ in the isotropic phase using a variational approach. It would be interesting to extend this theory to the nematic phase and to compare with our simulational data.
͑ii͒ The long-time tail corrections to D ʈ (t) and D Ќ (t) are only known for spheres ͓24͔ but not for rods. It would be interesting to do an analysis for rodlike particles in the isotropic, nematic, and smectic phases.
͑iii͒ A comparison with experimental colloidal samples may be spoiled by the intrinsic polydispersity of the rods. Nevertheless, it should be possible to perform measurements on samples similar to that used in Ref. ͓37͔ in the nematic and smectic phases. Thus an experimental verification of our theoretical predictions is possible, at least in principle. It would be interesting to verify the nonmonotonic behavior of the long-time self-diffusion along the nematic director experimentally by using more concentrated nematic samples than that used in Ref. ͓40͔. ͑iv͒ The present study is for prolate objects. No Brownian dynamics simulations were performed for oblate particles such as, e.g., clay platelets. The phase diagram of hard ellipsoids of revolution exhibits a remarkable symmetry between prolate and oblate shapes ͓47͔. Therefore it would be interesting to check whether a similar scenario for the long-time quantities is valid across the isotropic-nematic transition for platelets. What one expects here, is that the diffusion along the nematic director is smaller than the perpendicular diffusion.
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